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Density Estimation

1.1 Limit Theorems

Assume you are a gambler and go to a casino to play a game of dice. As
it happens, it is your unlucky day and among the 100 times you toss the
dice, you only see ’6’ eleven times. For a fair dice we know that each face
should occur with equal probability %. Hence the expected value over 100
draws is 180 ~ 17, which is considerably more than the eleven times that we
observed. Before crying foul you decide that some mathematical analysis is
in order.

The probability of seeing a particular sequence of m trials out of which n
are a ’6’ is given by 1n2m " Moreover, there are (ZL) = m different
sequences of '6” and 'not 6’ with proportions n and m —mn respectively. Hence

we may compute the probability of seeing a ’6’ only 11 or less via

Pr(X < 11) Zp Z (190> {6] [2} o ~ 7.0% (1.1)

=0

After looking at this figure you decide that things are probably reasonable.
And, in fact, they are consistent with the convergence behavior of a sim-
ulated dice in Figure 1.1. In computing (1.1) we have learned something
useful: the expansion is a special case of a binomial series. The first term

m=10 m=20 m=>50
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=100 m=200 _m=500

—0.3|- 1
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Fig. 1.1. Convergence of empirical means to expectations. From left to right: em-
pirical frequencies of occurrence obtained by casting a dice 10, 20, 50, 100, 200, and
500 times respectively. Note that after 20 throws we still have not observed a single

’6’, an event which occurs with only [2]20 ~ 2.6% probability.
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counts the number of configurations in which we could observe ¢ times ’6’ in a
sequence of 100 dice throws. The second and third term are the probabilities
of seeing one particular instance of such a sequence.

Note that in general we may not be as lucky, since we may have con-
siderably less information about the setting we are studying. For instance,
we might not know the actual probabilities for each face of the dice, which
would be a likely assumption when gambling at a casino of questionable
reputation. Often the outcomes of the system we are dealing with may be
continuous valued random variables rather than binary ones, possibly even
with unknown range. For instance, when trying to determine the average
wage through a questionnaire we need to determine how many people we
need to ask in order to obtain a certain level of confidence.

To answer such questions we need to discuss limit theorems. They tell
us by how much averages over a set of observations may deviate from the
corresponding expectations and how many observations we need to draw to
estimate a number of probabilities reliably. For completeness we will present
proofs for some of the more fundamental theorems in Section 1.1.2. They
are useful albeit non-essential for the understanding of the remainder of the
book and may be omitted.

1.1.1 Fundamental Laws

The Law of Large Numbers developed by Bernoulli in 1713 is one of the
fundamental building blocks of statistical analysis. It states that averages
over a number of observations converge to their expectations given a suffi-
ciently large number of observations and given certain assumptions on the
independence of these observations. It comes in two flavors: the weak and
the strong law.

Theorem 1.1 (Weak Law of Large Numbers) Denote by Xi,..., X,
random variables drawn from p(z) with mean p = Ex,[x;] for all i. Moreover
let

_ 1 X
X, = mzlx (1.2)
1=

be the empirical average over the random variables X;. Then for any e > 0
the following holds

lim Pr (‘Xm - ,u‘ <e)=1. (1.3)

m— 00
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Fig. 1.2. The mean of a number of casts of a dice. The horizontal straight line
denotes the mean 3.5. The uneven solid line denotes the actual mean X,, as a
function of the number of draws, given as a semilogarithmic plot. The crosses denote
the outcomes of the dice. Note how X,, ever more closely approaches the mean 3.5
are we obtain an increasing number of observations.

This establishes that, indeed, for large enough sample sizes, the average will
converge to the expectation. The strong law strengthens this as follows:

Theorem 1.2 (Strong Law of Large Numbers) Under the conditions
of Theorem 1.1 we have Pr (limm_,oo X,, = u) =1.

The strong law implies that almost surely (in a measure theoretic sense) X,
converges to i, whereas the weak law only states that for every e the random
variable X,,, will be within the interval [u—e¢, u+¢]. Clearly the strong implies
the weak law since the measure of the events X,,, = p converges to 1, hence
any e-ball around g would capture this.

Both laws justify that we may take sample averages, e.g. over a number
of events such as the outcomes of a dice and use the latter to estimate their
means, their probabilities (here we treat the indicator variable of the event
as a {0; 1}-valued random variable), their variances or related quantities. We
postpone a proof until Section 1.1.2, since an effective way of proving Theo-
rem 1.1 relies on the theory of characteristic functions which we will discuss
in the next section. For the moment, we only give a pictorial illustration in
Figure 1.2.

Once we established that the random variable X,, = m™! Z:il X, con-
verges to its mean u, a natural second question is to establish how quickly it
converges and what the properties of the limiting distribution of X,, — u are.
Note in Figure 1.2 that the initial deviation from the mean is large whereas
as we observe more data the empirical mean approaches the true one.
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Fig. 1.3. Five instantiations of a running average over outcomes of a toss of a dice.
Note that all of them converge to the mean 3.5. Moreover note that they all are

well contained within the upper and lower envelopes given by p + \/Varx|[z]/m.

The central limit theorem answers this question exactly by addressing a
slightly more general question, namely whether the sum over a number of
independent random variables where each of them arises from a different
distribution might also have a well behaved limiting distribution. This is
the case as long as the variance of each of the random variables is bounded.
The limiting distribution of such a sum is Gaussian. This affirms the pivotal
role of the Gaussian distribution.

Theorem 1.3 (Central Limit Theorem) Denote by X; independent ran-
dom variables with means p; and standard deviation o;. Then

D = [Zl 02-2] [Zl X; — ,ul-] (1.4)

converges to a Normal Distribution with zero mean and unit variance.

Note that just like the law of large numbers the central limit theorem (CLT)
is an asymptotic result. That is, only in the limit of an infinite number of
observations will it become exact. That said, it often provides an excellent
approximation even for finite numbers of observations, as illustrated in Fig-
ure 1.4. In fact, the central limit theorem and related limit theorems build
the foundation of what is known as asymptotic statistics.

Example 1.1 (Dice) If we are interested in computing the mean of the
values returned by a dice we may apply the CLT to the sum over m variables
which have all mean p = 3.5 and variance (see Problem 1.1)

Varx[r] = Ex[z?] — Ex[z]* = (1 + 4+ 94 16 4+ 25 + 36)/6 — 3.5% ~ 2.92.
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We now study the random variable Wy, := m=1 3" [X; — 3.5]. Since each
of the terms in the sum has zero mean, also Wy, ’s mean vanishes. Moreover,
W, is a multiple of Z, of (1.4). Hence we have that Wy, converges to a
normal distribution with zero mean and standard deviation 2.92m™3 .

Consequently the average of m tosses of the dice yields a random vari-
able with mean 3.5 and it will approach a normal distribution with variance
m=32.92. In other words, the empirical mean converges to its average at
rate O(m_%). Figure 1.3 gives an illustration of the quality of the bounds
implied by the CLT.

One remarkable property of functions of random variables is that in many
conditions convergence properties of the random variables are bestowed upon
the functions, too. This is manifest in the following two results: a variant
of Slutsky’s theorem and the so-called delta method. The former deals with
limit behavior whereas the latter deals with an extension of the central limit
theorem.

Theorem 1.4 (Slutsky’s Theorem) Denote by X;,Y; sequences of ran-
dom variables with X; — X and Y; — ¢ for ¢ € R in probability. Moreover,
denote by g(z,y) a function which is continuous for all (x,c). In this case
the random variable g(X;,Y;) converges in probability to g(X,c).

For a proof see e.g. | |. Theorem 1.4 is often referred to as the continuous
mapping theorem (Slutsky only proved the result for affine functions). It
means that for functions of random variables it is possible to pull the limiting
procedure into the function. Such a device is useful when trying to prove
asymptotic normality and in order to obtain characterizations of the limiting
distribution.

Theorem 1.5 (Delta Method) Assume that X, € R? is asymptotically
normal with a,%(X, —b) — N(0,%) for a2 — 0. Moreover, assume that

g : R = R! is a mapping which is continuously differentiable at b. In this
case the random variable g(X,,) converges

a,” (9(Xn) = 9(b)) = N(0, [V2g(b)|Z[Vag(b)] ). (1.5)

n

Proof Via a Taylor expansion we see that

a,” [9(Xn) = 9(0)] = [Vag(€a)] T an (X — b) (1.6)

Here &, lies on the line segment [b, X,,]. Since X,, — b we have that &, — b,
too. Since g is continuously differentiable at b we may apply Slutsky’s the-
orem to see that a;2[g(X,) —g(b)] — [V+9(b)] a;2(X, — b). As a con-
sequence, the transformed random variable is asymptotically normal with
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covariance [V,g(b)|2[Vg(b)]". [ ]

We will use the delta method when it comes to investigating properties of
maximum likelihood estimators in exponential families. There g will play the
role of a mapping between expectations and the natural parametrization of
a distribution.

1.1.2 The Characteristic Function

The Fourier transform plays a crucial role in many areas of mathematical
analysis and engineering. This is equally true in statistics. For historic rea-
sons its applications to distributions is called the characteristic function,
which we will discuss in this section. At its foundations lie standard tools
from functional analysis and signal processing | , ]. We begin by
recalling the basic properties:

Definition 1.6 (Fourier Transform) Denote by f : R" — C a function
defined on a d-dimensional Euclidean space. Moreover, let x,w € R™. Then
the Fourier transform F and its inverse F~' are given by

f(z) exp(—i (w, z))dz (1.7)
R"

/ng(w) exp(i (w, z))dw. (1.8)

The key insight is that F~! o F = F o F~! = Id. In other words, F and
F~1 are inverses to each other for all functions which are Lo integrable on
R?, which includes probability distributions. One of the key advantages of
Fourier transforms is that derivatives and convolutions on f translate into
multiplications. That is F[f o g] = (277)%}7[ f1- F[g]. The same rule applies
to the inverse transform, i.e. F~![fog] = (27r)gF_1[f]F_1[g].

The benefit for statistical analysis is that often problems are more easily
expressed in the Fourier domain and it is easier to prove convergence results
there. These results then carry over to the original domain. We will be
exploiting this fact in the proof of the law of large numbers and the central
limit theorem. Note that the definition of Fourier transforms can be extended
to more general domains such as groups. See e.g. | | for further details.

[N]fsH

Flfl(w) = (2m)~

ol

F[g)(x) := (27)"

We next introduce the notion of a characteristic function of a distribution.'

Definition 1.7 (Characteristic Function) Denote by p(z) a distribution

L In Chapter ?? we will discuss more general descriptions of distributions of which ¢ x is a special
case. In particular, we will replace the exponential exp(i (w,x)) by a kernel function k(z,z’).
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of a random variable X € R%. Then the characteristic function ¢x (w) with
w e RY is given by

ox(w) = (2m) F ' p(a)] = / exp(i (w, 2))dp(a). (1.9)

In other words, ¢x (w) is the inverse Fourier transform applied to the prob-
ability measure p(z). Consequently ¢x(w) uniquely characterizes p(x) and
moreover, p(x) can be recovered from ¢x(w) via the forward Fourier trans-
form. One of the key utilities of characteristic functions is that they allow
us to deal in easy ways with sums of random variables.

Theorem 1.8 (Sums of random variables and convolutions) Denote
by X, Y € R two independent random variables. Moreover, denote by Z :=
X +Y the sum of both random variables. Then the distribution over Z sat-
isfies p(z) = p(z) o p(y). Moreover, the characteristic function yields:

bz(w) = dx(w)oy (w). (1.10)

Proof 7 is given by Z = X + Y. Hence, for a given Z = z we have
the freedom to choose X = x freely provided that Y = z — z. In terms of
distributions this means that the joint distribution p(z,x) is given by

p(z,2) =p(Y =z — z)p(x)
and hence p(z) = /p(Y =z —x)dp(z) = [p(z) o p(y)](2).

The result for characteristic functions follows form the property of the
Fourier transform. |

For sums of several random variables the characteristic function is the prod-
uct of the individual characteristic functions. This allows us to prove both
the weak law of large numbers and the central limit theorem (see Figure 1.4
for an illustration) by proving convergence in the Fourier domain.

Proof [Weak Law of Large Numbers] At the heart of our analysis lies
a Taylor expansion of the exponential into

exp(iwz) = 1+ i (w,z) + o(|w])
and hence ¢x (w) = 1+ iwEx|[z] + o(|w]).

Given m random variables X; with mean Ey[x] = p this means that their
average X,, := % Z:’;l X, has the characteristic function

65,0 = (1 Lo+ o~ ) ) (111)
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Fig. 1.4. A working example of the central limit theorem. The top row contains
distributions of sums of uniformly distributed random variables on the interval
[0.5,0.5]. From left to right we have sums of 1,2,4,8 and 16 random variables. The
bottom row contains the same distribution with the means rescaled by \/m, where
m is the number of observations. Note how the distribution converges increasingly
to the normal distribution.

In the limit of m — oo this converges to exp(iwp), the characteristic func-
tion of the constant distribution with mean p. This proves the claim that in
the large sample limit X, is essentially constant with mean . ]

Proof [Central Limit Theorem] We use the same idea as above to prove
the CLT. The main difference, though, is that we need to assume that the
second moments of the random variables X; exist. To avoid clutter we only
prove the case of constant mean Ex,[r;] = u and variance Vary, [r;] = o2,

Let Zm = 2= >ty (Xi

2
of the characteristic function of Zm, ie. ¢z, to that of a normally dis-

tributed random variable W with zero mean and unit variance. Expanding

— ). Our proof relies on showing convergence
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the exponential to second order yields:
1
exp(iwz) = 1 +iwz — §w2x2 + o(|w]?)
1
and hence ¢x(w) =1+ iwEx|[z] — §w2VarX [2] + o(|w]?)

Since the mean of Z,, vanishes by centering (X; — p) and the variance per

variable is m™! we may write the characteristic function of Z,, via

L oo e
w)=|1——w4+om " |w
2(6) = (1= o + ol ful?)
As before, taking limits m — oo yields the exponential function. We have
that lim, e ¢z, (w) = exp(—iw?) which is the characteristic function of
the normal distribution with zero mean and variance 1. Since the character-
istic function transform is injective this proves our claim. |

Note that the characteristic function has a number of useful properties. For
instance, it can also be used as moment generating function via the identity:

V'éx(0) =i "Ex[2"]. (1.12)

Its proof is left as an exercise. See Problem 1.2 for details. This connection
also implies (subject to regularity conditions) that if we know the moments
of a distribution we are able to reconstruct it directly since it allows us
to reconstruct its characteristic function. This idea has been exploited in
density estimation | | in the form of Edgeworth and Gram-Charlier
expansions | ).

1.1.3 Tail Bounds

In practice we never have access to an infinite number of observations. Hence
the central limit theorem does not apply but is just an approximation to the
real situation. For instance, in the case of the dice, we might want to state
worst case bounds for finite sums of random variables to determine by how
much the empirical mean may deviate from its expectation. Those bounds
will not only be useful for simple averages but to quantify the behavior of
more sophisticated estimators based on a set of observations.

The bounds we discuss below differ in the amount of knowledge they
assume about the random variables in question. For instance, we might only
know their mean. This leads to the Gauss-Markov inequality. If we know
their mean and their variance we are able to state a stronger bound, the
Chebyshev inequality. For an even stronger setting, when we know that
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each variable has bounded range, we will be able to state a Chernoff bound.
Those bounds are progressively more tight and also more difficult to prove.
We state them in order of technical sophistication.

Theorem 1.9 (Gauss-Markov) Denote by X > 0 a random variable and
let p be its mean. Then for any € > 0 we have

Pr(X >¢) < % (1.13)

Proof We use the fact that for nonnegative random variables

Pz = [Cape) < [ Zapte) <t [t = 2.

This means that for random variables with a small mean, the proportion of
samples with large value has to be small. |

Consequently deviations from the mean are O(e~1). However, note that this
bound does not depend on the number of observations. A useful application
of the Gauss-Markov inequality is Chebyshev’s inequality. It is a statement
on the range of random variables using its variance.

Theorem 1.10 (Chebyshev) Denote by X a random variable with mean
© and variance o®. Then the following holds for e > 0:

0_2

Pr(lz —p| >¢€) < 2 (1.14)

Proof Denote by Y := |X — u|? the random variable quantifying the
deviation of X from its mean p. By construction we know that Ey[y] = o2.
Next let v := €2. Applying Theorem 1.9 to Y and v yields Pr(Y > ) < 02/v

which proves the claim. |

Note the improvement to the Gauss-Markov inequality. Where before we had
bounds whose confidence improved with O(e~!) we can now state O(e~2)
bounds for deviations from the mean.

Example 1.2 (Chebyshev bound) Assume that X,, == m™ 1Y ", X; is
the average over m random variables with mean p and variance 0. Hence
X,,, also has mean . Its variance is given by

Varg [Tm] = mezVarXi [z;] = m o2

m
i=1

Applying Chebyshev’s inequality yields that the probability of a deviation
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of € from the mean p is bounded by 75—:2 For fixed failure probability 6 =

Pr(| X, — p| > €) we have
S < a’m e ? and equivalently € < o/vV'mé.

This bound is quite reasonable for large § but it means that for high levels
of confidence we need a huge number of observations.

Much stronger results can be obtained if we are able to bound the range
of the random variables. Using the latter, we reap an exponential improve-
ment in the quality of the bounds in the form of the McDiarmid | |
inequality. We state the latter without proof:

Theorem 1.11 (McDiarmid) Denote by f : X" — R a function on X
and let X; be independent random variables. In this case the following holds:

Pr(|f(z1,....2m) —Ex, . x.,[f(z1,...,2m)]| >€) < 2exp (—2620_2) )

Here the constant C? is given by C* =Y, c¢? where

}f(:nl,...,a:i,...,xm)—f(xl,...,aj;,...,xm)‘ <g¢
for all x1, ..., Tm, 2, and for alli.

This bound can be used for averages of a number of observations when
they are computed according to some algorithm as long as the latter can be
encoded in f. In particular, we have the following bound | ]:

Theorem 1.12 (Hoeffding) Denote by X; iid random variables with bounded
range X; € [a,b] and mean p. Let Xy, := m~ 1> X; be their average.
Then the following bound holds:

_ 2me?
Proof This is a corollary of Theorem 1.11. In X, each individual random
variable has range [a/m,b/m] and we set f(Xi,...,X,,) := X,,. Straight-
forward algebra shows that C? = m™2(b — a)?. Plugging this back into
McDiarmid’s theorem proves the claim. |

Note that (1.15) is exponentially better than the previous bounds. With

increasing sample size the confidence level also increases exponentially.

Example 1.3 (Hoeffding bound) As in ezample 1.2 assume that X; are
iid random variables and let X,, be their average. Moreover, assume that
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X € [a,b] for alli. As before we want to obtain guarantees on the probability
that | Xy, — | > €. For a given level of confidence 1 — § we need to solve

6 < 2exp (e ) (1.16)

for €. Straightforward algebra shows that in this case € needs to satisfy

€ > |b—al \/[log2 — logd] /2m (1.17)

In other words, while the confidence level only enters logarithmically into the
inequality, the sample size m improves our confidence only with e = O(m_%).
That is, in order to improve our confidence interval from ¢ = 0.1 to e = 0.01
we need 100 times as many observations.

While this bound is tight (see Problem 1.5 for details), it is possible to ob-
tain better bounds if we know additional information. In particular knowing
a bound on the variance of a random variable in addition to knowing that it
has bounded range would allow us to strengthen the statement considerably.
The Bernstein inequality captures this connection. For details see | ]
or works on empirical process theory [ , , ]

1.1.4 An Example

It is probably easiest to illustrate the various bounds using a concrete exam-
ple. In a semiconductor fab processors are produced on a wafer. A typical
300mm wafer holds about 400 chips. A large number of processing steps
are required to produce a finished microprocessor and often it is impossible
to assess the effect of a design decision until the finished product has been
produced.

Assume that the production manager wants to change some step from
process A’ to some other process 'B’. The goal is to increase the yield of
the process, that is, the number of chips of the 400 potential chips on the
wafer which can be sold. Unfortunately this number is a random variable,
i.e. the number of working chips per wafer can vary widely between different
wafers. Since process A’ has been running in the factory for a very long
time we may assume that the yield is well known, say it is pa = 350 out
of 400 processors on average. It is our goal to determine whether process
"B’ is better and what its yield may be. Obviously, since production runs
are expensive we want to be able to determine this number as quickly as
possible, i.e. using as few wafers as possible. The production manager is risk
averse and wants to ensure that the new process is really better. Hence he
requires a confidence level of 95% before he will change the production.
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A first step is to formalize the problem. Since we know process A’ exactly
we only need to concern ourselves with 'B’. We associate the random variable
X; with wafer i. A reasonable (and somewhat simplifying) assumption is to
posit that all X; are independent and identically distributed where all X;
have the mean pp. Obviously we do not know pp — otherwise there would
be no reason for testing! We denote by X, the average of the yields of m
wafers using process 'B’. What we are interested in is the accuracy e for
which the probability

§ = Pr(| X, — up| > €) satisfies § < 0.05.

Let us now discuss how the various bounds behave. For the sake of the
argument assume that pup — pa = 20, i.e. the new process produces on
average 20 additional usable chips.

Chebyshev In order to apply the Chebyshev inequality we need to bound
the variance of the random variables X;. The worst possible variance would
occur if X; € {0;400} where both events occur with equal probability. In
other words, with equal probability the wafer if fully usable or it is entirely
broken. This amounts to o2 = 0.5(200 — 0)2 + 0.5(200 — 400)? = 40, 000.
Since for Chebyshev bounds we have

§<o’m e (1.18)

we can solve for m = o2 /§e? = 40,000/(0.05-400) = 20, 000. In other words,
we would typically need 20,000 wafers to assess with reasonable confidence
whether process ‘B’ is better than process ’A’. This is completely unrealistic.

Slightly better bounds can be obtained if we are able to make better
assumptions on the variance. For instance, if we can be sure that the yield
of process ‘B’ is at least 300, then the largest possible variance is 0.25(300 —
0)2 + 0.75(300 — 400)? = 30,000, leading to a minimum of 15,000 wafers
which is not much better.

Hoeffding Since the yields are in the interval {0,...,400} we have an ex-
plicit bound on the range of observations. Recall the inequality (1.16) which
bounds the failure probably ¢ = 0.05 by an exponential term. Solving this
for m yields

m > 0.5|b — a|*e?log(2/6) ~ 737.8 (1.19)

In other words, we need at lest 738 wafers to determine whether process 'B’
is better. While this is a significant improvement of almost two orders of
magnitude, it still seems wasteful and we would like to do better.
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Central Limit Theorem The central limit theorem is an approximation.
This means that our reasoning is not accurate any more. That said, for
large enough sample sizes, the approximation is good enough to use it for
practical predictions. Assume for the moment that we knew the variance o2
exactly. In this case we know that X,, is approximately normal with mean
pp and variance m~1a2. We are interested in the interval [ — e, 1+ €] which
contains 95% of the probability mass of a normal distribution. That is, we

need to solve the integral

! /W exp (—W> dx = 0.95 (1.20)
p

202 J,_. 202

This can be solved efficiently using the cumulative distribution function of
a normal distribution (see Problem 1.3 for more details). One can check
that (1.20) is solved for € = 2.960. In other words, an interval of +2.960
contains 95% of the probability mass of a normal distribution. The number
of observations is therefore determined by

2
€ = 2.960/y/m and hence m = 8.760—2 (1.21)
€

Again, our problem is that we do not know the variance of the distribution.
Using the worst-case bound on the variance, i.e. 02 = 40,000 would lead to
a requirement of at least m = 876 wafers for testing. However, while we do
not know the variance, we may estimate it along with the mean and use the
empirical estimate, possibly plus some small constant to ensure we do not
underestimate the variance, instead of the upper bound.

Assuming that fluctuations turn out to be in the order of 50 processors,
i.e. 02 = 2500, we are able to reduce our requirement to approximately 55
wafers. This is probably an acceptable number for a practical test.

Rates and Constants The astute reader will have noticed that all three
confidence bounds had scaling behavior m = O(e~2). That is, in all cases
the number of observations was a fairly ill behaved function of the amount
of confidence required. If we were just interested in convergence per se, a
statement like that of the Chebyshev inequality would have been entirely
sufficient. The various laws and bounds can often be used to obtain con-
siderably better constants for statistical confidence guarantees. For more
complex estimators, such as methods to classify, rank, or annotate data,
a reasoning such as the one above can become highly nontrivial. See e.g.
[ , | for further details.
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1.2 Parzen Windows
1.2.1 Discrete Density Estimation

The convergence theorems discussed so far mean that we can use empir-
ical observations for the purpose of density estimation. Recall the case of
the Naive Bayes classifier of Section ?7. One of the key ingredients was
the ability to use information about word counts for different document
classes to estimate the probability p(w’|y), where w’ denoted the number
of occurrences of word j in document x, given that it was labeled y. In the
following we discuss an extremely simple and crude method for estimating
probabilities. It relies on the fact that for random variables X; drawn from
distribution p(x) with discrete values X; € X we have

i jx(z) = pla) (1.22)
where px(z) :=m™* Z {z; =z} for all x € X. (1.23)
i=1

Let us discuss a concrete case. We assume that we have 12 documents and
would like to estimate the probability of occurrence of the word 'dog’ from
it. As raw data we have:

Document ID 1 2 3 4 5 6 7 8 9 10 11 12

Occurrencesof ‘dog” 1 0 2 0 4 6 3 0 6 2 0 1
This means that the word ‘dog’ occurs the following number of times:

Occurrences of ‘dog’ 01 2 3 4 5 6

Number of documents 4 2 2 1 1 0 2

Something unusual is happening here: for some reason we never observed
5 instances of the word dog in our documents, only 4 and less, or alter-
natively 6 times. So what about 5 times? It is reasonable to assume that
the corresponding value should not be 0 either. Maybe we did not sample
enough. One possible strategy is to add pseudo-counts to the observations.
This amounts to the following estimate:

P (@) = (m+ [X) 7M1+ Y {ws = 2} = p(a) (1.24)
=1

Clearly the limit for m — oo is still p(x). Hence, asymptotically we do not
lose anything. This prescription is what we used in Algorithm 7?7 used a
method called Laplace smoothing. Below we contrast the two methods:
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Occurrences of ‘dog’ 0 1 2 3 4 5 6
Number of documents 4 2 2 1 1 0 2
Frequency of occurrence 0.33 0.17 0.17 0.083 0.083 0 0.17
Laplace smoothing 0.26 0.16 0.16 0.11 0.11 0.05 0.16

The problem with this method is that as |X| increases we need increasingly
more observations to obtain even a modicum of precision. On average, we
will need at least one observation for every x € X. This can be infeasible for
large domains as the following example shows.

Example 1.4 (Curse of Dimensionality) Assume that X = {0,1}%, i.e.
x consists of binary bit vectors of dimensionality d. As d increases the size of
X increases exponentially, requiring an exponential number of observations
to perform density estimation. For instance, if we work with images, a 100 x
100 black and white picture would require in the order of 103010
to model such fairly low-resolution images accurately. This is clearly utterly
infeasible — the number of particles in the known universe is in the order
of 1080, Bellman [ | was one of the first to formalize this dilemma by
coining the term ’curse of dimensionality’.

observations

This example clearly shows that we need better tools to deal with high-
dimensional data. We will present one of such tools in the next section.

1.2.2 Smoothing Kernel

We now proceed to proper density estimation. Assume that we want to
estimate the distribution of weights of a population. Sample data from a
population might look as follows: X = {57, 88, 54, 84, 83, 59, 56, 43, 70, 63,
90, 98, 102, 97, 106, 99, 103, 112}. We could use this to perform a density
estimate by placing discrete components at the locations x; € X with weight
1/]X| as what is done in Figure 1.5. There is no reason to believe that weights
are quantized in kilograms, or grams, or miligrams (or pounds and stones).
And even if it were, we would expect that similar weights would have similar
densities associated with it. Indeed, as the right diagram of Figure 1.5 shows,
the corresponding density is continuous.

The key question arising is how we may transform X into a realistic
estimate of the density p(x). Starting with a ’density estimate’ with only
discrete terms

25@ — ;) (1.25)
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we may choose to smooth it out by a smoothing kernel h(z) such that the
probability mass becomes somewhat more spread out. For a density estimate
on X C R? this is achieved by

m

Po) = 3 rdp (2221). (1.26)

m <
=1

This expansion is commonly known as the Parzen windows estimate. Note
that obviously h must be chosen such that h(xz) > 0 for all z € X and
moreover that [ h(z)dx =1 in order to ensure that (1.26) is a proper prob-
ability distribution. We now formally justify this smoothing. Let R be a
small region such that

q=/;M@d%

Out of the m samples drawn from p(x), the probability that & of them fall
in region R is given by the binomial distribution

<Z)qﬂl—qV%@

The expected fraction of points falling inside the region can easily be com-
puted from the expected value of the Binomial distribution: E[k/m] = q.
Similarly, the variance can be computed as Var[k/m] = ¢(1 — q)/m. As
m — oo the variance goes to 0 and hence the estimate peaks around the
expectation. We can therefore set

k =~ mgq.
If we assume that R is so small that p(x) is constant over R, then
q=px)-V,

where V' is the volume of R. Rearranging we obtain

p(x) ~ % (1.27)

Let us now set R to be a cube with side length r, and define a function

1if |u;| < 4
By = 4 LS
0 otherwise.

Observe that h (x;‘“) is 1 if and only if x; lies inside a cube of size r centered
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around z. If we let

- x
k=) _h <
i=1
then one can use (1.27) to estimate p via

pz) = k= i r~h (x — %)
m — r
where r? is the volume of the hypercube of size r in d dimensions. By symme-
try, we can interpret this equation as the sum over m cubes centered around
m data points z,,. If we replace the cube by any smooth kernel function A(-)
this recovers (1.26).

There exists a large variety of different kernels which can be used for the
kernel density estimate. | | has a detailed description of the properties
of a number of kernels. Popular choices are

h(z) = (2m)~ 273" Gaussian kernel (1.28)
h(z) = e ~lal Laplace kernel (1.29)
h(z) = 3 max(0,1 — z?) Epanechnikov kernel (1.30)
h(z) = QX[ 1,1)() Uniform kernel (1.31)
h(z) = max(0,1 — |z|) Triangle kernel. (1.32)

Further kernels are the triweight and the quartic kernel which are basically
powers of the Epanechnikov kernel. For practical purposes the Gaussian ker-
nel (1.28) or the Epanechnikov kernel (1.30) are most suitable. In particular,
the latter has the attractive property of compact support. This means that
for any given density estimate at location z we will only need to evaluate
terms h(x; — x) for which the distance ||x; — z|| is less than r. Such expan-
sions are computationally much cheaper, in particular when we make use of
fast nearest neighbor search algorithms | , |. Figure 1.7 has some
examples of kernels.

1.2.3 Parameter Estimation

So far we have not discussed the issue of parameter selection. It should be
evident from Figure 1.6, though, that it is quite crucial to choose a good
kernel width. Clearly, a kernel that is overly wide will oversmooth any fine
detail that there might be in the density. On the other hand, a very narrow
kernel will not be very useful, since it will be able to make statements only
about the locations where we actually observed data.
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Fig. 1.5. Left: a naive density estimate given a sample of the weight of 18 persons.
Right: the underlying weight distribution.
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Fig. 1.6. Parzen windows density estimate associated with the 18 observations of
the Figure above. From left to right: Gaussian kernel density estimate with kernel
of width 0.3, 1,3, and 10 respectively.

1.0 T T T T 1.0 T T T T 1.0 T T T T 1.0 T T T T

0.5 -1 0.5

0.0

1 ! ! ! h 0.0 ! ! ! ! L 0.0l I ! I 0.0 L ! I
2-10 12 2-101 2 2-101 2 2-10 12

Fig. 1.7. Some kernels for Parzen windows density estimation. From left to right:
Gaussian kernel, Laplace kernel, Epanechikov kernel, and uniform density.

Moreover, there is the issue of choosing a suitable kernel function. The
fact that a large variety of them exists might suggest that this is a crucial
issue. In practice, this turns out not to be the case and instead, the choice
of a suitable kernel width is much more vital for good estimates. In other
words, size matters, shape is secondary.

The problem is that we do not know which kernel width is best for the
data. If the problem is one-dimensional, we might hope to be able to eyeball
the size of r. Obviously, in higher dimensions this approach fails. A second
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option would be to choose r such that the log-likelihood of the data is
maximized. It is given by

logﬁp(xi) = —mlogm + ilogir*dh (@) (1.33)
i=1 i=1  j=1

Remark 1.13 (Log-likelihood) We consider the logarithm of the likeli-
hood for reasons of computational stability to prevent numerical underflow.
While each term p(z;) might be within a suitable range, say 1072, the prod-
uct of 1000 of such terms will easily exceed the exponent of floating point
representations on a computer. Summing over the logarithm, on the other
hand, is perfectly feasible even for large numbers of observations.

Unfortunately computing the log-likelihood is equally infeasible: for decreas-
ing r the only surviving terms in (1.33) are the functions h((z; — x;)/r) =
h(0), since the arguments of all other kernel functions diverge. In other
words, the log-likelihood is maximized when p(x) is peaked exactly at the
locations where we observed the data. The graph on the left of Figure 1.6
shows what happens in such a situation.

What we just experienced is a case of overfitting where our model is too
flexible. This led to a situation where our model was able to explain the
observed data “unreasonably well”, simply because we were able to adjust
our parameters given the data. We will encounter this situation throughout
the book. There exist a number of ways to address this problem.

Validation Set: We could use a subset of our set of observations as an
estimate of the log-likelihood. That is, we could partition the obser-
vations into X := {x1,...,2,} and X’ := {z41,..., 2} and use
the second part for a likelihood score according to (1.33). The second
set is typically called a validation set.

n-fold Cross-validation: Taking this idea further, note that there is no
particular reason why any given z; should belong to X or X’ respec-
tively. In fact, we could use all splits of the observations into sets
X and X’ to infer the quality of our estimate. While this is compu-
tationally infeasible, we could decide to split the observations into
n equally sized subsets, say Xi,..., X, and use each of them as a
validation set at a time while the remainder is used to generate a
density estimate.

Typically n is chosen to be 10, in which case this procedure is
referred to as 10-fold cross-validation. It is a computationally at-
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tractive procedure insofar as it does not require us to change the
basic estimation algorithm. Nonetheless, computation can be costly.
Leave-one-out Estimator: At the extreme end of cross-validation we could
choose n = m. That is, we only remove a single observation at a time
and use the remainder of the data for the estimate. Using the average
over the likelihood scores provides us with an even more fine-grained
estimate. Denote by p;(z) the density estimate obtained by using

X :={z1,...,2y} without z;. For a Parzen windows estimate this
is given by
pilw) = (m =173 (255 ) = 2 (@) — R (0)] .
J#
(1.34)

Note that this is precisely the term r~¢h(0) that is removed from
the estimate. It is this term which led to divergent estimates for
r — 0. This means that the leave-one-out log-likelihood estimate
can be computed easily via

L(X) = mlog -5 + Z log [p(ml) - r_dh(O)] . (1.35)
i=1

We then choose 7 such that L(X) is maximized. This strategy is very
robust and whenever it can be implemented in a computationally
efficient manner, it is very reliable in performing model selection.

An alternative, probably more of theoretical interest, is to choose the scale r
a priori based on the amount of data we have at our disposition. Intuitively,
we need a scheme which ensures that » — 0 as the number of observations
increases m — oo. However, we need to ensure that this happens slowly
enough that the number of observations within range r keeps on increasing in
order to ensure good statistical performance. For details we refer the reader
to | ]. Chapter 7?7 discusses issues of model selection for estimators in
general in considerably more detail.

1.2.4 Silverman’s Rule

Assume you are an aspiring demographer who wishes to estimate the popu-
lation density of a country, say Australia. You might have access to a limited
census which, for a random portion of the population determines where they
live. As a consequence you will obtain a relatively high number of samples
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Fig. 1.8. Nonuniform density. Left: original density with samples drawn from the
distribution. Middle: density estimate with a uniform kernel. Right: density estimate
using Silverman’s adjustment.

of city dwellers, whereas the number of people living in the countryside is
likely to be very small.

If we attempt to perform density estimation using Parzen windows, we
will encounter an interesting dilemma: in regions of high density (i.e. the
cities) we will want to choose a narrow kernel width to allow us to model
the variations in population density accurately. Conversely, in the outback,
a very wide kernel is preferable, since the population there is very low.
Unfortunately, this information is exactly what a density estimator itself
could tell us. In other words we have a chicken and egg situation where
having a good density estimate seems to be necessary to come up with a
good density estimate.

Fortunately this situation can be addressed by realizing that we do not
actually need to know the density but rather a rough estimate of the latter.
This can be obtained by using information about the average distance of the
k nearest neighbors of a point. One of Silverman’s rules of thumb [ ] is
to choose r; as

C
ri=o >z =l (1.36)

x€ENN (x;)

Typically ¢ is chosen to be 0.5 and k is small, e.g. £ = 9 to ensure that the
estimate is computationally efficient. The density estimate is then given by

1 —d T—T;
p(z) = p— ;ri h (T) . (1.37)
Figure 1.8 shows an example of such a density estimate. It is clear that a
locality dependent kernel width is better than choosing a uniformly constant
kernel density estimate. However, note that this increases the computational
complexity of performing a density estimate, since first the k nearest neigh-

bors need to be found before the density estimate can be carried out.
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1.2.5 Watson-Nadaraya Estimator

Now that we are able to perform density estimation we may use it to perform
classification and regression. This leads us to an effective method for non-
parametric data analysis, the Watson-Nadaraya estimator | , .

The basic idea is very simple: assume that we have a binary classification
problem, i.e. we need to distinguish between two classes. Provided that we
are able to compute density estimates p(z) given a set of observations X we
could appeal to Bayes rule to obtain

Cp(lyp(y) | W D=y ()
p(ylz) = ) T Iy EeE) (1.38)

Here we only take the sum over all x; with label y; = y in the numerator.

The advantage of this approach is that it is very cheap to design such an
estimator. After all, we only need to compute sums. The downside, similar
to that of the k-nearest neighbor classifier is that it may require sums (or
search) over a large number of observations. That is, evaluation of (1.38) is
potentially an O(m) operation. Fast tree based representations can be used
to accelerate this | , |, however their behavior depends signifi-
cantly on the dimensionality of the data. We will encounter computationally
more attractive methods at a later stage.

For binary classification (1.38) can be simplified considerably. Assume
that y € {£1}. For p(y = 1|x) > 0.5 we will choose that we should estimate
y = 1 and in the converse case we would estimate y = —1. Taking the
difference between twice the numerator and the denominator we can see
that the function

can be used to achieve the same goal since f(z) > 0 <= p(y = 1]z) > 0.5.
Note that f(z) is a weighted combination of the labels y; associated with
weights w;(z) which depend on the proximity of  to an observation z;.
In other words, (1.39) is a smoothed-out version of the k-nearest neighbor
classifier of Section ??. Instead of drawing a hard boundary at the k closest

observation we use a soft weighting scheme with weights w;(z) depending
on which observations are closest.

Note furthermore that the numerator of (1.39) is very similar to the sim-
ple classifier of Section ??. In fact, for kernels k(x, 2’) such as the Gaussian
RBF kernel, which are also kernels in the sense of a Parzen windows den-

sity estimate, i.e. k(z,z') = 7~ (x%z/) the two terms are identical. This



24 1 Density Estimation

Fig. 1.9. Watson Nadaraya estimate. Left: a binary classifier. The optimal solution
would be a straight line since both classes were drawn from a normal distribution
with the same variance. Right: a regression estimator. The data was generated from
a sinusoid with additive noise. The regression tracks the sinusoid reasonably well.

means that the Watson Nadaraya estimator provides us with an alternative
explanation as to why (?7?) leads to a usable classifier.

In the same fashion as the Watson Nadaraya classifier extends the k-
nearest neighbor classifier we also may construct a Watson Nadaraya re-
gression estimator by replacing the binary labels y; by real-valued values
y; € R to obtain the regression estimator ), y;w;(x). Figure 1.9 has an ex-
ample of the workings of both a regression estimator and a classifier. They
are easy to use and they work well for moderately dimensional data.

1.3 Exponential Families

Distributions from the exponential family are some of the most versatile
tools for statistical inference. Gaussians, Poisson, Gamma and Wishart dis-
tributions all form part of the exponential family. They play a key role in
dealing with graphical models, classification, regression and conditional ran-
dom fields which we will encounter in later parts of this book. Some of the
reasons for their popularity are that they lead to convex optimization prob-
lems and that they allow us to describe probability distributions by linear
models.

1.3.1 Basics

Densities from the exponential family are defined by

p(x;0) := po(x) exp ((¢(x), 0) — g(b)) - (1.40)
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Here po(z) is a density on X and is often called the base measure, ¢(z) is
a map from x to the sufficient statistics ¢(x). 6 is commonly referred to as
the natural parameter. It lives in the space dual to ¢(z). Moreover, g() is a
normalization constant which ensures that p(x) is properly normalized. g is
often referred to as the log-partition function. The name stems from physics
where Z = ¢9(9) denotes the number of states of a physical ensemble. ¢ can
be computed as follows:

g(0) = log/xexp(<<z5(x),9>)d:c. (1.41)

Example 1.5 (Binary Model) Assume that X = {0;1} and that ¢(x) =
x. In this case we have g(0) = log [60 + 69] = log [1 + 66]. It follows that
p(z = 0;0) = ﬁ and p(x = 1;0) = % In other words, by choosing
different values of 8 one can recover different Bernoulli distributions.

One of the convenient properties of exponential families is that the log-
partition function g can be used to generate moments of the distribution
itself simply by taking derivatives.

Theorem 1.14 (Log partition function) The function g(0) is convez.
Moreover, the distribution p(x;0) satisfies

Veg(0) = Eq [¢(x)] and Vig(h) = Varg [¢(x)]. (1.42)

Proof Note that V3g() = Var, [¢(z)] implies that g is convex, since the
covariance matrix is positive semidefinite. To show (1.42) we expand

_ Jyo(@) exp (p(x),0) dz _ -
Vas(o) = = [ w0 =B o). (143)
Next we take the second derivative to obtain

Vig(0) = /x o(2) [6(2) — Vag(0)] T pla: 0)da (1.44)

= E. [6(@)0(@)"]| - E. 0@ Ec[o(@)]"  (1.45)

which proves the claim. For the first equality we used (1.43). For the second
line we used the definition of the variance. |

One may show that higher derivatives Vi g(f) generate higher order cu-
mulants of ¢(z) under p(x;@). This is why g is often also referred as the
cumulant-generating function. Note that in general, computation of g(0)
is nontrivial since it involves solving a highdimensional integral. For many
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cases, in fact, the computation is NP hard, for instance when X is the do-
main of permutations | ]. Throughout the book we will discuss a number
of approximation techniques which can be applied in such a case.

Let us briefly illustrate (1.43) using the binary model of Example 1.5.
We have that Vg = % and Vz = ﬁ This is exactly what we would
have obtained from direct computation of the mean p(x = 1;6) and variance
p(x =1;0) — p(x = 1;0)? subject to the distribution p(x;6).

1.3.2 Examples

A large number of densities are members of the exponential family. Note,
however, that in statistics it is not common to express them in the dot
product formulation for historic reasons and for reasons of notational com-
pactness. We discuss a number of common densities below and show why
they can be written in terms of an exponential family. A detailed description
of the most commonly occurring types are given in a table.

Gaussian Let z,u € R? and let ¥ € R¥? where ¥ > 0, that is, ¥ is a
positive definite matrix. In this case the normal distribution can be
expressed via

) = x4 e (g -0 e - ) (140)

~exp <xT (1) +tr ([_;MT] [2—1]> — o, z))

where c(p, X)) = %MTE_IM + %log 2m + %log |X|. By combining the
terms in z into ¢(z) := (z, —ax ') we obtain the sufficient statistics
of z. The corresponding linear coefficients (X', ¥ 1) constitute the
natural parameter §. All that remains to be done to express p(z) in
terms of (1.40) is to rewrite g(f) in terms of ¢(u, ). The summary
table on the following page contains details.

Multinomial Another popular distribution is one over k discrete events.
In this case X = {1,...,k} and we have in completely generic terms
p(x) = m, where 7, > 0 and ), m, = 1. Now denote by e, € RF the
x-th unit vector of the canonical basis, that is (e;,e,) =1 if x = 2/
and 0 otherwise. In this case we may rewrite p(x) via

p(x) = mp = exp ({ez,logm)) (1.47)

where log m = (log 71, . .., log 7). In other words, we have succeeded
in rewriting the distribution as a member of the exponential family
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where ¢(z) = e, and where 6§ = log 7. Note that in this definition
is restricted to a k—1 dimensional manifold (the & dimensional prob-
ability simplex). If we relax those constraints we need to ensure that
p(x) remains normalized. Details are given in the summary table.
Poisson This distribution is often used to model distributions over discrete
events. For instance, the number of raindrops which fall on a given
surface area in a given amount of time, the number of stars in a
given volume of space, or the number of Prussian soldiers killed by
horse-kicks in the Prussian cavalry all follow this distribution. It is
given by
e AN

1
p(x) = i exp (zlog A — \) where z € Ny . (1.48)

By defining ¢(z) = x we obtain an exponential families model. Note
that things are a bit less trivial here since % is the nonuniform
counting measure on Ngy. The case of the uniform measure which
leads to the exponential distribution is discussed in Problem 1.16.

The reason why many discrete processes follow the Poisson distri-
bution is that it can be seen as the limit over the average of a large
number of Bernoulli draws: denote by z € {0,1} a random variable
with p(z = 1) = a. Moreover, denote by z, the sum over n draws
from this random variable. In this case z, follows the multinomial
distribution with p(z, = k) = (})a*(1 — a)"*. Now assume that
we let n — oo such that the expected value of z, remains constant.
That is, we rescale a = % In this case we have

n! k n—k
p(zn =k) = (n—/i:)'k'v)l\k <1 - 2) (1.49)

:2’: (1—?)” [n’“(;l—k)' (1_?)1

For n — oo the second term converges to e *. The third term con-
verges to 1, since we have a product of only 2k terms, each of which
converge to 1. Using the exponential families notation we may check
that E[z] = A\ and that moreover also Var[z] = A.

Beta This is a distribution on the unit interval X = [0, 1] which is very
versatile when it comes to modelling unimodal and bimodal distri-
butions. It is given by

p—1 '(a+D)

=z 11—z

. (1.50)
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Fig. 1.10. Left: Poisson distributions with A = {1, 3,10}. Right: Beta distributions
with @ = 2 and b € {1,2,3,5,7}. Note how with increasing b the distribution
becomes more peaked close to the origin.

Taking logarithms we see that this, too, is an exponential families
distribution, since p(z) = exp((a — 1)logx + (b — 1)log(1l — z) +
logI'(a+b) — logI'(a) —log I'()).

Figure 1.10 has a graphical description of the Poisson distribution and the
Beta distribution. For a more comprehensive list of exponential family dis-
tributions see the table below and | , , ]. In principle any
map ¢(z), domain X with underlying measure p are suitable, as long as the
log-partition function g(f) can be computed efficiently.

Theorem 1.15 (Convex feasible domain) The domain of definition ©
of g(0) is convex.

Proof By construction g is convex and differentiable everywhere. Hence the
below-sets for all values ¢ with {z|g(z) < ¢} exist. Consequently the domain
of definition is convex. |

Having a convex function is very valuable when it comes to parameter infer-
ence since convex minimization problems have unique minimum values and
global minima. We will discuss this notion in more detail when designing
maximum likelihood estimators.

1.4 Estimation

In many statistical problems the challenge is to estimate parameters of in-
terest. For instance, in the context of exponential families, we may want
to estimate a parameter 6 such that it is close to the “true” parameter 0*
in the distribution. While the problem is fully general, we will describe the
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30 1 Density Estimation

relevant steps in obtaining estimates for the special case of the exponential
family. This is done for two reasons — firstly, exponential families are an
important special case and we will encounter slightly more complex variants
on the reasoning in later chapters of the book. Secondly, they are of a suffi-
ciently simple form that we are able to show a range of different techniques.
In more advanced applications only a small subset of those methods may be
practically feasible. Hence exponential families provide us with a working
example based on which we can compare the consequences of a number of
different techniques.

1.4.1 Mazxzimum Likelithood Estimation

Whenever we have a distribution p(z;6) parametrized by some parameter
f we may use data to find a value of 6§ which maximizes the likelihood that
the data would have been generated by a distribution with this choice of
parameter.

For instance, assume that we observe a set of temperature measurements
X = {z1,...,2m}. In this case, we could try finding a normal distribution
such that the likelihood p(X; 6) of the data under the assumption of a normal
distribution is maximized. Note that this does not imply in any way that the
temperature measurements are actually drawn from a normal distribution.
Instead, it means that we are attempting to find the Gaussian which fits the
data in the best fashion.

While this distinction may appear subtle, it is critical: we do not assume
that our model accurately reflects reality. Instead, we simply try doing the
best possible job at modeling the data given a specified model class. Later
we will encounter alternative approaches at estimation, namely Bayesian
methods, which make the assumption that our model ought to be able to
describe the data accurately.

Definition 1.16 (Maximum Likelihood Estimator) For a modelp(-;0)
parametrized by 0 and observations X the maximum likelihood estimator

(MLE) is

OpiL[X] := argmax p(X; 6). (1.51)
0

In the context of exponential families this leads to the following procedure:
given m observations drawn iid from some distribution, we can express the
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joint likelihood as

p(X:0) = [[ p(os:0) = [[exo ((6(a). ) —0(0)) (15
=1 =1
= exp (m ((u[X],0) — g(0))) (1.53)
where u[X] = % S (). (1.54)
=1

Here u[X] is the empirical average of the map ¢(x). Maximization of p(X;6)
is equivalent to minimizing the negative log-likelihood —logp(X;60). The
latter is a common practical choice since for independently drawn data,
the product of probabilities decomposes into the sum of the logarithms of
individual likelihoods. This leads to the following objective function to be
minimized

—log p(X;0) = m[g(0) — (0, u[X])] (1.55)

Since g(0) is convex and (6, u[X]) is linear in 6, it follows that minimization
of (1.55) is a convex optimization problem. Using Theorem 1.14 and the first
order optimality condition Vgg(6) = u[X] for (1.55) implies that

0 = [Vog) ™" (u[X]) or equivalently Eq,,.0)[¢(z)] = Vog(0) = pu[X].
(1.56)

Put another way, the above conditions state that we aim to find the distribu-
tion p(x; @) which has the same expected value of ¢(z) as what we observed
empirically via u[X]. Under very mild technical conditions a solution to
(1.56) exists.

In general, (1.56) cannot be solved analytically. In certain special cases,
though, this is easily possible. We discuss two such choices in the following;:
Multinomial and Poisson distributions.

Example 1.6 (Poisson Distribution) For the Poisson distribution' where
p(z;0) = L exp(0z — €%) it follows that g(0) = €’ and ¢(x) = x. This allows
us to solve (1.56) in closed form using

1 m m
Vog(0) = € = p— sz and hence 6 = logZa:i —logm. (1.57)
i=1 i=1

L Often the Poisson distribution is specified using X := log 6 as its rate parameter. In this case we
have p(x; \) = APe~*/z! as its parametrization. The advantage of the natural parametrization
using 6 is that we can directly take advantage of the properties of the log-partition function as
generating the cumulants of x.
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Example 1.7 (Multinomial Distribution) For the multinomial distri-
bution the log-partition function is given by g(0) = log Zf\il el hence we
have that

eli

Vig(0) = SV = 7}121 {z; =1}, (1.58)
i= j=

It is easy to check that (1.58) is satisfied for e = > jei{zj =i}. In other
words, the MLE for a discrete distribution simply given by the empirical
frequencies of occurrence.

The multinomial setting also exhibits two rather important aspects of ex-
ponential families: firstly, choosing 0; = c+1log > ", {x; = i} for any c € R
will lead to an equivalent distribution. This is the case since the sufficient
statistic ¢(z) is not minimal. In our context this means that the coordinates
of ¢(z) are linearly dependent — for any z we have that > [¢(z)]; = 1,
hence we could eliminate one dimension. This is precisely the additional
degree of freedom which is reflected in the scaling freedom in 6.

Secondly, for data where some events do not occur at all, the expression
log [Z;’;l {z; = z}} = log0 is ill defined. This is due to the fact that this
particular set of counts occurs on the boundary of the convex set within
which the natural parameters 6 are well defined. We will see how different
types of priors can alleviate the issue.

Using the MLE is not without problems. As we saw in Figure 1.1, conver-
gence can be slow, since we are not using any side information. The latter
can provide us with problems which are both numerically better conditioned
and which show better convergence, provided that our assumptions are ac-
curate. Before discussing a Bayesian approach to estimation, let us discuss
basic statistical properties of the estimator.

1.4.2 Bias, Variance and Consistency

When designing any estimator é(X) we would like to obtain a number of
desirable properties: in general it should not be biased towards a particular
solution unless we have good reason to believe that this solution should
be preferred. Instead, we would like the estimator to recover, at least on
average, the “correct” parameter, should it exist. This can be formalized in
the notion of an unbiased estimator.

Secondly, we would like that, even if no correct parameter can be found,
e.g. when we are trying to fit a Gaussian distribution to data which is not
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normally distributed, that we will converge to the best possible parameter
choice as we obtain more data. This is what is understood by consistency.

Finally, we would like the estimator to achieve low bias and near-optimal
estimates as quickly as possible. The latter is measured by the efficiency
of an estimator. In this context we will encounter the Cramér-Rao bound
which controls the best possible rate at which an estimator can achieve this
goal. Figure 1.11 gives a pictorial description.

yis
.

Fig. 1.11. Left: unbiased estimator; the estimates, denoted by circles have as mean
the true parameter, as denoted by a star. Middle: consistent estimator. While the
true model is not within the class we consider (as denoted by the ellipsoid), the
estimates converge to the white star which is the best model within the class that
approximates the true model, denoted by the solid star. Right: different estimators
have different regions of uncertainty, as made explicit by the ellipses around the
true parameter (solid star).

Definition 1.17 (Unbiased Estimator) An estimator 0[X] is unbiased

if for all O where X ~ p(X;0) we have Ex[0[X]] = 6.

In other words, in expectation the parameter estimate matches the true pa-
rameter. Note that this only makes sense if a true parameter actually exists.
For instance, if the data is Poisson distributed and we attempt modeling it
by a Gaussian we will obviously not obtain unbiased estimates.

For finite sample sizes MLE is often biased. For instance, for the normal
distribution the variance estimates carry bias O(m™!). See problem 1.19
for details. In general, under fairly mild conditions, MLE is asymptotically
unbiased | ]. We prove this for exponential families. For more general
settings the proof depends on the dimensionality and smoothness of the
family of densities that we have at our disposition.

Theorem 1.18 (MLE for Exponential Families) Assume that X is an
m-sample drawn iid from p(z;0). The estimate 0[X] = g~ (u[X]) is asymp-
totically normal with

m~2[6]X] — 6] — N(0, [V3g(8)] ). (1.59)
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In other words, the estimate é[X] is asymptotically normal, it converges to
the true parameter 8, and moreover, the variance at the correct parameter
is given by the inverse of the covariance matrix of the data, as given by the
second derivative of the log-partition function V3g(6).

Proof Denote by i = Vyg(0) the true mean. Moreover, note that Vg(6) is
the covariance of the data drawn from p(z;6). By the central limit theorem
(Theorem 1.3) we have that n_%[,u[X] — u] = N(0,V2g(0)).

Now note that §[X] = [Vag] ' (u[X]). Therefore, by the delta method
(Theorem 1.5) we know that §[X] is also asymptotically normal. Moreover,
by the inverse function theorem the Jacobian of g~! satisfies V, [Vgg] ) =
[V2g(0)] ~' Applying Slutsky’s theorem (Theorem 1.4) proves the claim. B

Now that we established the asymptotic properties of the MLE for exponen-
tial families it is only natural to ask how much variation one may expect in
0[X] when performing estimation. The Cramer-Rao bound governs this.

Theorem 1.19 (Cramér and Rao | ) Assume that X is drawn from
p(X;0) and let O[X] be an asymptotically unbiased estimator. Denote by I
the Fisher information matriz and by B the variance of 0[X] where

I := Cov [Vylogp(X;0)] and B := Var [é[X]] . (1.60)

In this case det IB > 1 for all estimators 0[X].

Proof We prove the claim for the scalar case. The extension to matrices is
straightforward. Using the Cauchy-Schwarz inequality we have

Cov? | Vg log p(X; 0),§[X]} < Var [Vylog p(X;0)] Var [é[X]} =IB. (1.61)
Note that at the true parameter the expected log-likelihood score vanishes
Ex[Vylogp(X;0)] = Vy /p(X; 0)dX = Vyl = 0. (1.62)
Hence we may simplify the covariance formula by dropping the means via
Cov |Vylog p(X; 9),§[X]} =Ex [Vg logp(X;H)é[X]]
= /p(X; 0)0(X) Vg log p(X;0)do
=V /p(X; 0)0(X)dX = Vg6 = 1.

Here the last equality follows since we may interchange integration by X
and the derivative with respect to 6. |
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The Cramér-Rao theorem implies that there is a limit to how well we may
estimate a parameter given finite amounts of data. It is also a yardstick by
which we may measure how efficiently an estimator uses data. Formally, we
define the efficiency as the quotient between actual performance and the
Cramér-Rao bound via

e:=1/det IB. (1.63)

The closer e is to 1, the lower the variance of the corresponding estimator

6(X). Theorem 1.18 implies that for exponential families MLE is asymptot-
ically efficient. It turns out to be generally true.

Theorem 1.20 (Efficiency of MLE | , , 1) The max-
imum likelihood estimator is asymptotically efficient (e = 1).

So far we only discussed the behavior of é[X] whenever there exists a true 0
generating p(6; X). If this is not true, we need to settle for less: how well 9[X]
approaches the best possible choice of within the given model class. Such
behavior is referred to as consistency. Note that it is not possible to define
consistency per se. For instance, we may ask whether 0 converges to the
optimal parameter 6*, or whether p(z; é) converges to the optimal density
p(z;0%), and with respect to which norm. Under fairly general conditions
this turns out to be true for finite-dimensional parameters and smoothly
parametrized densities. See [ , | for proofs and further details.

1.4.3 A Bayesian Approach

The analysis of the Maximum Likelihood method might suggest that in-
ference is a solved problem. After all, in the limit, MLE is unbiased and it
exhibits as small variance as possible. Empirical results using a finite amount
of data, as present in Figure 1.1 indicate otherwise.

While not making any assumptions can lead to interesting and general
theorems, it ignores the fact that in practice we almost always have some
idea about what to expect of our solution. It would be foolish to ignore such
additional information. For instance, when trying to determine the voltage
of a battery, it is reasonable to expect a measurement in the order of 1.5V
or less. Consequently such prior knowledge should be incorporated into the
estimation process. In fact, the use of side information to guide estimation
turns out to be the tool to building estimators which work well in high
dimensions.

Recall Bayes’ rule (?7) which states that p(0|x) = %. In our context
this means that if we are interested in the posterior probability of # assuming
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a particular value, we may obtain this using the likelihood (often referred to
as evidence) of x having been generated by 6 via p(x|f) and our prior belief
p(0) that 6 might be chosen in the distribution generating x. Observe the
subtle but important difference to MLE: instead of treating 6 as a parameter
of a density model, we treat 6 as an unobserved random variable which we
may attempt to infer given the observations X.

This can be done for a number of different purposes: we might want to
infer the most likely value of the parameter given the posterior distribution
p(0]X). This is achieved by

Oniap(X) := argmax p(A|X) = argmin — log p(X|0) — log p(6). (1.64)
0 0

The second equality follows since p(X) does not depend on . This estimator
is also referred to as the Maximum a Posteriori, or MAP estimator. It differs
from the maximum likelihood estimator by adding the negative log-prior
to the optimization problem. For this reason it is sometimes also referred
to as Penalized MLE. Effectively we are penalizing unlikely choices 6 via
—logp(0). )

Note that using Oyap(X) as the parameter of choice is not quite accurate.
After all, we can only infer a distribution over # and in general there is no
guarantee that the posterior is indeed concentrated around its mode. A more
accurate treatment is to use the distribution p(0|X) directly via

p(a]X) = / p(2]0)p(0]X)db. (1.65)

In other words, we integrate out the unknown parameter 6 and obtain the
density estimate directly. As we will see, it is generally impossible to solve
(1.65) exactly, an important exception being conjugate priors. In the other
cases one may resort to sampling from the posterior distribution to approx-
imate the integral.

While it is possible to design a wide variety of prior distributions, this book
focuses on two important families: norm-constrained prior and conjugate
priors. We will encounter them throughout, the former sometimes in the
guise of regularization and Gaussian Processes, the latter in the context of
exchangeable models such as the Dirichlet Process.

Norm-constrained priors take on the form

p(0) o exp(—A |0 — 6p]|) for p,d > 1 and X > 0. (1.66)

That is, they restrict the deviation of the parameter value 6 from some guess
fp. The intuition is that extreme values of 6 are much less likely than more
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moderate choices of # which will lead to more smooth and even distributions
p(x[6).

A popular choice is the Gaussian prior which we obtain for p = d = 1
and A\ = 1/202. Typically one sets 6y = 0 in this case. Note that in (1.66)
we did not spell out the normalization of p(f) — in the context of MAP
estimation this is not needed since it simply becomes a constant offset in
the optimization problem (1.64). We have

Orniap[X] = argminm [9(6) — (6, ulX])] + A [16 - 0ol (1.67)
For d,p > 1 and A > 0 the resulting optimization problem is convexr and it
has a unique solution. Moreover, very efficient algorithms exist to solve this
problem. We will discuss this in detail in Chapter ?77. Figure 1.12 shows the
regions of equal prior probability for a range of different norm-constrained
priors.

As can be seen from the diagram, the choice of the norm can have profound
consequences on the solution. That said, as we will show in Chapter 77, the
estimate éMAP is well concentrated and converges to the optimal solution
under fairly general conditions.

P/

7~
\S

Fig. 1.12. From left to right: regions of equal prior probability in R? for priors using
the 41, {5 and /., norm. Note that only the 5 norm is invariant with regard to the
coordinate system. As we shall see later, the ¢; norm prior leads to solutions where
only a small number of coordinates is nonzero.

An alternative to norm-constrained priors are conjugate priors. They are
designed such that the posterior p(#|X) has the same functional form as the
prior p(6). In exponential families such priors are defined via

p(0n,v) = exp ((nv,0) —ng(0) — h(v,n)) where (1.68)

h(v,n) = log/exp ((nv,8) —ng(9)) db. (1.69)
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Note that p(f|n,v) itself is a member of the exponential family with the
feature map ¢(6) = (6, —g(0)). Hence h(v,n) is convex in (nv,n). Moreover,
the posterior distribution has the form

p(0]X) o< p(X[0)p(0]n, v) o exp ((mp[X] 4 nv,0) — (m +n)g(0)) . (1.70)

That is, the posterior distribution has the same form as a conjugate prior
with parameters %A:m’ and m —+n. In other words, n acts like a phantom
sample size and v is the corresponding mean parameter. Such an interpreta-
tion is reasonable given our desire to design a prior which, when combined
with the likelihood remains in the same model class: we treat prior knowl-
edge as having observed virtual data beforehand which is then added to the
actual set of observations. In this sense data and prior become completely
equivalent — we obtain our knowledge either from actual observations or
from virtual observations which describe our belief into how the data gen-
eration process is supposed to behave.

Eq. (1.70) has the added benefit of allowing us to provide an exact nor-
malized version of the posterior. Using (1.68) we obtain that

p(01X) = exp (mpu[X] +nv,0) = (m +n)g(0) — h ("X 4 n)).
The main remaining challenge is to compute the normalization h for a range
of important conjugate distributions. The table on the following page pro-

vides details. Besides attractive algebraic properties, conjugate priors also
have a second advantage — the integral (1.65) can be solved exactly:

p(alX) = / exp ((6(x), 0) — g(0)) x

exp ((mu[X] +nv,0) — (m+n)g(f) — h (%ﬁ:"”,m + n)) e
Combining terms one may check that the integrand amounts to the normal-
ization in the conjugate distribution, albeit ¢(x) added. This yields

p(z|X) = exp (h (%,m—l—n—l— 1) —h (%W,m—l—n))
Such an expansion is very useful whenever we would like to draw = from
p(z|X) without the need to obtain an instantiation of the latent variable 6.
We provide explicit expansions in appendix ?7?. | | use the fact that 6
can be integrated out to obtain what is called a collapsed Gibbs sampler for
topic models | ].
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1.4.4 An Example

Assume we would like to build a language model based on available doc-
uments. For instance, a linguist might be interested in estimating the fre-
quency of words in Shakespeare’s collected works, or one might want to
compare the change with respect to a collection of webpages. While mod-
els describing documents by treating them as bags of words which all have
been obtained independently of each other are exceedingly simple, they are
valuable for quick-and-dirty content filtering and categorization, e.g. a spam
filter on a mail server or a content filter for webpages.

Hence we model a document d as a multinomial distribution: denote by
w; for i € {1,...,mgq} the words in d. Moreover, denote by p(w|f) the
probability of occurrence of word w, then under the assumption that the
words are independently drawn, we have

p(d|f) = Hp w;6). (1.71)

It is our goal to find parameters 6 such that p(d|f) is accurate. For a given
collection D of documents denote by m,, the number of counts for word w
in the entire collection. Moreover, denote by m the total number of words
in the entire collection. In this case we have

p(D|) = deye [ p(wlie)™. (1.72)

Finding suitable parameters 6 given D proceeds as follows: In a maximum
likelihood model we set
Moy

p(w|f) = (1.73)

et
In other words, we use the empirical frequency of occurrence as our best

guess and the sufficient statistic of D is ¢(w) = e,,, where e,, denotes the unit

ma,
We know that the conjugate prior of the multinomial model is a Dirichlet

model. It follows from (1.70) that the posterior mode is obtained by replacing
[ } by mu[D]-{—nV

vector which is nonzero only for the “coordinate” w. Hence u[D],, =

. Denote by n,, := 1, - n the pseudo-counts arising from
the conJugate prior with parameters (v,n). In this case we will estimate the
probability of the word w as

My + N My + NV
)= — 4 =" 2. 1.74
p(w|) m—+n m—+n ( )

In other words, we add the pseudo counts n,, to the actual word counts m,,.
This is particularly useful when the document we are dealing with is brief,
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that is, whenever we have little data: it is quite unreasonable to infer from
a webpage of approximately 1000 words that words not occurring in this
page have zero probability. This is exactly what is mitigated by means of
the conjugate prior (v,n).

Finally, let us consider norm-constrained priors of the form (1.66). In this
case, the integral required for

p(D) = / p(D16)p(6)d6

o [ exp (<210 = Gull + m (ulD).0) — mg(6)) db

is intractable and we need to resort to an approximation. A popular choice
is to replace the integral by p(D|0*) where 6* maximizes the integrand. This
is precisely the MAP approximation of (1.64). Hence, in order to perform
estimation we need to solve

L A d
mlnlemlzeg(ﬁ) — (u[D],8) + p- 160 — ol - (1.75)

A very simple strategy for minimizing (1.75) is gradient descent. That is for
a given value of 6 we compute the gradient of the objective function and take
a fixed step towards its minimum. For simplicity assume that d = p = 2 and
A\ = 1/202, that is, we assume that 6 is normally distributed with variance
o2 and mean fy. The gradient is given by

Vo [~ 108p(D, 0)] = Byrpiuip)[6()] — plD] + — 10— (176)
In other words, it depends on the discrepancy between the mean of ¢(z)
with respect to our current model and the empirical average p[X], and the
difference between 6 and the prior mean 6.

Unfortunately, convergence of the procedure 0 <— 6 —nVy|...] is usually
very slow, even if we adjust the steplength 7 efficiently. The reason is that
the gradient need not point towards the minimum as the space is most likely
distorted. A better strategy is to use Newton’s method (see Chapter ?? for
a detailed discussion and a convergence proof). It relies on a second order
Taylor approximation

“logp(D, 0 + §) ~ —log p(D, 0) + (6,G) + %5TH6 (1.77)

where G and H are the first and second derivatives of —logp(D,#) with
respect to 6. The quadratic expression can be minimized with respect to §
by choosing § = —H 'G and we can fashion an update algorithm from this
by letting 6 < §—H~'G. One may show (see Chapter ??) that Algorithm 1.1
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is quadratically convergent. Note that the prior on 8 ensures that H is well
conditioned even in the case where the variance of ¢(x) is not. In practice this
means that the prior ensures fast convergence of the optimization algorithm.

Algorithm 1.1 Newton method for MAP estimation
NewtonMAP(D)
Initialize 6 = 6,
while not converged do
Compute G = E:er(:v\@) [¢(‘T)] - M[D] + m{ﬂ [0 - 00]
Compute H = Var, p,9)[¢(z)] + L1
Update § < 0 — H~'@
end while

mo?2

return 6

1.5 Sampling

So far we considered the problem of estimating the underlying probability
density, given a set of samples drawn from that density. Now let us turn to
the converse problem, that is, how to generate random variables given the
underlying probability density. In other words, we want to design a random
variable generator. This is useful for a number of reasons:

We may encounter probability distributions where optimization over suit-
able model parameters is essentially impossible and where it is equally im-
possible to obtain a closed form expression of the distribution. In these cases
it may still be possible to perform sampling to draw examples of the kind
of data we expect to see from the model. Chapter 7?7 discusses a number of
graphical models where this problem arises.

Secondly, assume that we are interested in testing the performance of a
network router under different load conditions. Instead of introducing the
under-development router in a live network and wreaking havoc, one could
estimate the probability density of the network traffic under various load
conditions and build a model. The behavior of the network can then be
simulated by using a probabilistic model. This involves drawing random
variables from an estimated probability distribution.

Carrying on, suppose that we generate data packets by sampling and see
an anomalous behavior in your router. In order to reproduce and debug
this problem one needs access to the same set of random packets which
caused the problem in the first place. In other words, it is often convenient
if our random variable generator is reproducible; At first blush this seems
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like a contradiction. After all, our random number generator is supposed
to generate random variables. This is less of a contradiction if we consider
how random numbers are generated in a computer — given a particular
initialization (which typically depends on the state of the system, e.g. time,
disk size, bios checksum, etc.) the random number algorithm produces a
sequence of numbers which, for all practical purposes, can be treated as iid.
A simple method is the linear congruential generator | ]

Ziy1 = (ax; + b) mod c.

The performance of these iterations depends significantly on the choice of the
constants a, b, c. For instance, the GNU C compiler uses a = 1103515245,b =
12345 and ¢ = 232, In general b and c need to be relatively prime and a — 1
needs to be divisible by all prime factors of ¢ and by 4. It is very much
advisable not to attempt implementing such generators on one’s own unless
it is absolutely necessary.

Useful desiderata for a pseudo random number generator (PRNG) are that
for practical purposes it is statistically indistinguishable from a sequence of
iid data. That is, when applying a number of statistical tests, we will accept
the null-hypothesis that the random variables are iid. See Chapter 77 for
a detailed discussion of statistical testing procedures for random variables.
In the following we assume that we have access to a uniform RNG UJ0, 1]
which draws random numbers uniformly from the range [0, 1].

1.5.1 Inverse Transformation

We now consider the scenario where we would like to draw from some dis-
tinctively non-uniform distribution. Whenever the latter is relatively simple
this can be achieved by applying an inverse transform:

Theorem 1.21 For z ~ p(z) with z € Z and an injective transformation
¢ : Z — X with inverse transform ¢~ on ¢(2) it follows that the random
variable x := ¢(z) is drawn from |V,¢~(z)| - p(¢~(x)). Here |[Vo0' (2)]
denotes the determinant of the Jacobian of ¢~'.

This follows immediately by applying a variable transformation for a mea-
sure, i.e. we change dp(z) to dp(¢~ !qub )‘ Such a conversion strat-
egy is particularly useful for un1var1ate distributions.

Corollary 1.22 Denote by p(w) a distribution on R with cumulative distri-

bution function F(2') = [*__ dp(z). Then the transformation x = ¢(z) =
F~Y(2) converts samples z ~ U[0, 1] to samples drawn from p(z).
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Discrete Probability Distribution
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Fig. 1.13. Left: discrete probability distribution over 5 possible outcomes. Right:
associated cumulative distribution function. When sampling, we draw x uniformly
at random from U0, 1] and compute the inverse of F.

We now apply this strategy to a number of univariate distributions. One of
the most common cases is sampling from a discrete distribution.

Example 1.8 (Discrete Distribution) In the case of a discrete distribu-
tion over {1,...,k} the cumulative distribution function is a step-function
with steps at {1,...,k} where the height of each step is given by the corre-
sponding probability of the event.

The implementation works as follows: denote by p € [0,1]¥ the vector of
probabilities and denote by f € [0,1]F with f; = fi_1 + p; and fi = p1 the
steps of the cumulative distribution function. Then for a random variable z
drawn from U[0, 1] we obtain x = ¢(z) := argmin, {f; > z}. See Figure 1.13
for an example of a distribution over 5 events.

Example 1.9 (Exponential Distribution) The density of a Exponential-
distributed random variable is given by

p(z|A) = Aexp(—Azx) if A >0 and = > 0. (1.78)
This allows us to compute its cdf as
F(z|\) =1 —exp(=Az)if A > 0 for x > 0. (1.79)

Therefore to generate a Exponential random variable we draw z ~ UJ0,1]
and solve © = ¢(z) = F~1(z|]\) = —A"llog(1 — 2). Since z and 1 — z are
drawn from U0, 1] we can simplify this to x = —\"'log 2.
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Exponential Distribution Cumulative Distribution Function
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Fig. 1.14. Left: Exponential distribution with A = 1. Right: associated cumulative
distribution function. When sampling, we draw z uniformly at random from U|0, 1]
and compute the inverse.

We could apply the same reasoning to the normal distribution in order to
draw Gaussian random variables. Unfortunately, the cumulative distribution
function of the Gaussian is not available in closed form and we would need
resort to rather nontrivial numerical techniques. It turns out that there exists
a much more elegant algorithm which has its roots in Gauss’ proof of the
normalization constant of the Normal distribution. This technique is known
as the Box-Miiller transform.

Example 1.10 (Box-Miiller Transform) Denote by X,Y independent Gaus-
stan random variables with zero mean and unit variance. We have

Lo Lope_ Lojen g

x,Y) = e e 27 =

pl@y) = o o

The key observation is that the joint distribution p(x,y) is radially symmet-
ric, i.e. it only depends on the radius r*> = x> 4+ y?. Hence we may perform
a variable substitution in polar coordinates via the map ¢ where

x =rcosf and y = rsinf hence (x,y) = ¢ (r, ). (1.81)
This allows us to express the density in terms of (r,0) via

2

p(r0) = (67" (r,0)) [ V6™ (r, )] = 5 e ¥

cosf  sind e
. = —c¢ .
—rsinf rcos6 2

The fact that p(r,0) is constant in 0 means that we can easily sample 6 €
[0, 27] by drawing a random variable, say zg from U|0, 1] and rescaling it with
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Fig. 1.15. Red: true density of the standard normal distribution (red line) is con-
trasted with the histogram of 20,000 random variables generated by the Box-Miiller
transform.

27. To obtain a sampler for r we need to compute the cumulative distribution
1.2
function for p(r) =re 2" :

/

F(r') = / re 2" dr =1—e 2" and hence r = F1(2) = \/—2log(1 — 2).
0
(1.82)

Observing that z ~ U|0, 1] implies that 1 — z ~ UJ0, 1] yields the following
sampler: draw zg, z, ~ UJ0,1] and compute x and y by

x = +/—2log 2z, cos2mzg and y = \/—21log z, sin 27 zy.

Note that the Box-Miiller transform yields two independent Gaussian ran-
dom wvariables. See Figure 1.15 for an example of the sampler.

Example 1.11 (Uniform distribution on the disc) A similar strategy
can be employed when sampling from the unit disc. In this case the closed-
form expression of the distribution is simply given by

1 ) 2

= ifrr4y <1

p(r,y) =17 . (1.83)
0 otherwise

Using the variable transform (1.81) yields

0 otherwise

p(r,0) = p(¢~(r,0)) Vs ' (r,0)| = {; grel (1.84)
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Fig. 1.16. Rejection sampler. Left: samples drawn from the uniform distribution on
[0,1]2. Middle: the samples drawn from the uniform distribution on the unit disc
are all the points in the grey shaded area. Right: the same procedure allows us to
sample uniformly from arbitrary sets.

Integrating out 0 yields p(r) = 2r for r € [0,1] with corresponding CDF
F(r) = r? for r € [0,1]. Hence our sampler draws z.,zg ~ U[0,1] and then
computes x = \/z, cos 2mzg and y = \/z, sin 27zy.

1.5.2 Rejection Sampler

All the methods for random variable generation that we looked at so far re-
quire intimate knowledge about the pdf of the distribution. We now describe
a general purpose method, which can be used to generate samples from an
arbitrary distribution. Let us begin with sampling from a set:

Example 1.12 (Rejection Sampler) Denote by X C X a set and let p be
a density on X. Then a sampler for drawing from px(x) x p(z) for x € X
and px(z) = 0 for x &€ X, that is, px(x) = p(z|x € X) is obtained by the
procedure:

repeat

draw x ~ p(x)
until z € X
return x

That is, the algorithm keeps on drawing from p until the random variable is
contained in X. The probability that this occurs is clearly p(X). Hence the
larger p(X) the higher the efficiency of the sampler. See Figure 1.16.

Example 1.13 (Uniform distribution on a disc) The procedure works
trivially as follows: draw x,y ~ U[0,1]. Accept if 2z — 1)+ 2y —1)2 < 1
and return sample (2o — 1,2y — 1). This sampler has efficiency % since this
1s the surface ratio between the unit square and the unit ball.
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Fig. 1.17. Accept reject sampling for the Beta(2,5) distribution. Left: Samples are
generated uniformly from the blue rectangle (shaded area). Only those samples
which fall under the red curve of the Beta(2,5) distribution (darkly shaded area)
are accepted. Right: The true density of the Beta(2,5) distribution (red line) is
contrasted with the histogram of 10,000 samples drawn by the rejection sampler.

Note that this time we did not need to carry out any sophisticated measure
transform. This mathematical convenience came at the expense of a slightly
less efficient sampler — about 21% of all samples are rejected.

The same reasoning that we used to obtain a hard accept/reject procedure
can be used for a considerably more sophisticated rejection sampler. The
basic idea is that if, for a given distribution p we can find another distribution
q which, after rescaling, becomes an upper envelope on p, we can use ¢ to
sample from and reject depending on the ratio between ¢ and p.

Theorem 1.23 (Rejection Sampler) Denote by p and q distributions on
X and let ¢ be a constant such that such that cq(x) > p(z) for all x € X.

Then the algorithm below draws from p with acceptance probability ¢ .

repeat
draw x ~ q(z) and t ~ U0, 1]
until ct < p(z)

q(=)
return

Proof Denote by Z the event that the sample drawn from ¢ is accepted.
Then by Bayes rule the probability Pr(x|Z) can be written as follows

pa) o
Pr(z|Z) = Pr(ili);;r(x) = Cq(m)c_f( ! = p(z) (1.85)

Here we used that Pr(Z) = [Pr(Z|z)q(x)dz = [ ¢ ip(x)dx = L. [ |
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Note that the algorithm of Example 1.12 is a special case of such a rejection

sampler — we majorize px by the uniform distribution rescaled by Wﬁf)'

Example 1.14 (Beta distribution) Recall that the Beta(a,b) distribution,
as a member of the Exponential Family with sufficient statistics (log z,log(1—
x)), is given by

Fla+b) . b—1
b) = ———z% (1 — 1.86
plala,b) = et -2 (1.56)
For given (a,b) one can verify (problem 1.25) that
a—1
M = arginaxp(x]a, b) = m (187)

provided a > 1. Hence, if we use as proposal distribution the uniform distri-
bution U|0, 1] with scaling factor ¢ = p(M|a,b) we may apply Theorem 1.25.
As illustrated in Figure 1.17, to generate a sample from Beta(a,b) we first
generate a pair (x,t), uniformly at random from the shaded rectangle. A
sample is retained if ct < p(zx|a,b), and rejected otherwise. The acceptance
rate of this sampler is %

Example 1.15 (Normal distribution) We may use the Laplace distri-
bution to generate samples from the Normal distribution. That is, we use

q(z|A) = %6“”‘ (1.88)

as the proposal distribution. For a normal distribution p = N(0,1) with zero
mean and unit variance it turns out that choosing X = 1 yields the most
efficient sampling scheme (see Problem 1.27) with

) </ X el = 1)

As illustrated in Figure 1.18, we first generate x ~ q(x|\ = 1) using the
inverse transform method (see Example 1.9 and Problem 1.21) and t ~
U[0,1]. If t < \/2e/mp(x) we accept z, otherwise we reject it. The efficiency
of this scheme is \/g

While rejection sampling is fairly efficient in low dimensions its efficiency is
unsatisfactory in high dimensions. This leads us to an instance of the curse of

dimensionality | ]: the pdf of a d-dimensional Gaussian random variable
centered at 0 with variance 021 is given by

p(z|o?) = (2#)*%07%_%”%2
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Fig. 1.18. Rejection sampling for the Normal distribution (red curve). Samples are

generated uniformly from the Laplace distribution rescaled by y/2e/m. Only those
samples which fall under the red curve of the standard normal distribution (darkly
shaded area) are accepted.

Now suppose that we want to draw from p(z|c?) by sampling from another
Gaussian ¢ with slightly larger variance p? > 2. In this case the ratio
between both distributions is maximized at 0 and it yields

. 40l0%) _ {g]d
p(0lp*) Lo

If suppose £ = 1.01, and d = 1000, we find that ¢ ~ 20960. In other words,
we need to generate approximately 21,000 samples on the average from ¢ to
draw a single sample from p. We will discuss a more sophisticated sampling
algorithms, namely Gibbs Sampling, in Section ?7. It allows us to draw from
rather nontrivial distributions as long as the distributions in small subsets
of random variables are simple enough to be tackled directly.

Problems

Problem 1.1 (Bias Variance Decomposition {1}) Prove that the vari-
ance Varx|[x] of a random variable can be written as Ex[2?] — Ex[z]?.

Problem 1.2 (Moment Generating Function {2}) Prove that the char-
acteristic function can be used to generate moments as given in (1.12). Hint:
use the Taylor expansion of the exponential and apply the differential oper-
ator before the expectation.
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Problem 1.3 (Cumulative Error Function {2})

erf(z) =/2/7 /Om e " da. (1.89)

Problem 1.4 (Weak Law of Large Numbers {2}) In analogy to the proof
of the central limit theorem prove the weak law of large numbers. Hint: use

a first order Taylor expansion of €' = 1+iwt +o(t) to compute an approz-
imation of the characteristic function. Next compute the limit m — oo for
¢x,. - Finally, apply the inverse Fourier transform to associate the constant
distribution at the mean p with it.

Problem 1.5 (Rates and confidence bounds {3}) Show that the rate
of hoeffding is tight — get bound from central limit theorem and compare to
the hoeffding rate.

Problem 1.6 Why can’t we just use each chip on the wafer as a random
variable? Give a counterexample. Give bounds if we actually were allowed to
do this.

Problem 1.7 (Union Bound) Work on many bounds at the same time.
We only have logarithmic penalty.

Problem 1.8 (Randomized Rounding {4}) Solve the linear system of
equations Ax = b for integral x.

Problem 1.9 (Randomized Projections {3}) Prove that the random-
ized projections converge.

Problem 1.10 (The Count-Min Sketch {5}) Prove the projection trick

Problem 1.11 (Parzen windows with triangle kernels {1}) Suppose
you are given the following data: X = {2,3,3,5,5}. Plot the estimated den-
sity using a kernel density estimator with the following kernel:

0.5 —0.25 * |u| if |u| <2
k(u) =
0 otherwise.

Problem 1.12 Gaussian process link with Gaussian prior on natural pa-
rameters

Problem 1.13 Optimization for Gaussian reqularization
Problem 1.14 Conjugate prior (student-t and wishart).

Problem 1.15 (Multivariate Gaussian {1}) Prove that X > 0 is a nec-
essary and sufficient condition for the normal distribution to be well defined.
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Problem 1.16 (Discrete Exponential Distribution {2}) ¢(z) = = and
uniform measure.

Problem 1.17 FExponential random graphs.

Problem 1.18 (Maximum Entropy Distribution) Show that exponen-
tial families arise as the solution of the mazximum entropy estimation prob-
lem.

Problem 1.19 (Maximum Likelihood Estimates for Normal Distributions)
Derive the mazimum likelihood estimates for a normal distribution, that is,
show that they result in

1 1

— — 1.90

= 2 e o= (190
using the exponential families parametrization. Next show that while the

mean estimate [i 1s unbiased, the variance estimate has a slight bias ofO(%).
To see this, take the expectation with respect to 62.

Problem 1.20 (cdf of Logistic random variable {1}) Show that the cdf
of the Logistic random variable (7?) is given by (7).

Problem 1.21 (Double-exponential (Laplace) distribution {1}) Use
the inverse-transform method to generate a sample from the double-exponential
(Laplace) distribution (1.88).

Problem 1.22 (Normal random variables in polar coordinates {1})
If X1 and X5 are standard normal random wvariables and let (R,6) de-
note the polar coordinates of the pair (X1, X2). Show that R*> ~ X3 and
6 ~ Unif|0, 27].

Problem 1.23 (Monotonically increasing mappings {1}) A mapping
T :R — R is one-to-one if, and only if, T is monotonically increasing, that
is, x >y implies that T'(x) > T(y).

Problem 1.24 (Monotonically increasing multi-maps {2}) LetT : R" —
R™ be one-to-one. If X ~ px(x), then show that the distribution py(y) of

Y =T(X) can be obtained via (?7).

Problem 1.25 (Argmax of the Beta(a,b) distribution {1}) Show that
the mode of the Beta(a,b) distribution is given by (1.87).

Problem 1.26 (Accept reject sampling for the unit disk {2}) Give at
least TW O different accept-reject based sampling schemes to generate sam-
ples uniformly at random from the unit disk. Compute their efficiency.
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Problem 1.27 (Optimizing Laplace for Standard Normal {1}) Optimize
the ratio p(x)/g(x|w, o), with respect to p and o, where p(x) is the standard
normal distribution (77), and g(x|u, o) is the Laplace distribution (1.88).

Problem 1.28 (Normal Random Variable Generation {2}) The aim
of this problem 1is to write code to generate standard normal random vari-
ables (??7) by using different methods. To do this generate U ~ Unif[0, 1]
and apply

(i) the Box-Muller transformation outlined in Section ?7.
(ii) wuse the following approzimation to the inverse CDF
ag + a1t

o1 ~Nt— —
(a) 1+ blt + bgt27

(1.91)

where t* = log(a~2) and
ao = 2.30753, a1 = 0.27061, by = 0.99229, by = 0.04481
(iii) use the method outlined in example 1.15.

Plot a histogram of the samples you generated to confirm that they are nor-
mally distributed. Compare these different methods in terms of the time
needed to generate 1000 random variables.

Problem 1.29 (Non-standard Normal random variables {2}) Describe
a scheme based on the Box-Muller transform to generate d dimensional nor-
mal random variables p(x|0,1). How can this be used to generate arbitrary
normal random variables p(x|u,X).

Problem 1.30 (Uniform samples from a disk {2}) Show how the ideas

described in Section 77 can be generalized to draw samples uniformly at ran-
2 2

dom from an axis parallel ellipse: {(z,y) : % + % <1}.
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